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,QWURGXFWLRQ
9HJHWDWLRQLVRQHRIWKHPRUHLPSRUWDQWIDFWRUVWKDWVKDSHWKHWXUEXOHQFHLQQDWXUDORSHQFKDQQHOVLQIOXHQFLQJWKXV
WKHRSHUDWLRQRIZHWODQGVDQGWKHULYHUV7KHH[LVWHQFHRIDTXDWLFSODQWVKDVDVUHVXOWWKHLQFUHDVHRIUHVLVWDQFHLQWKH
IORZDQGWKHUHGXFWLRQRIWKHPHDQYHORFLW\LQFRPSDULVRQZLWKEHGVZLWKRXWYHJHWDWLRQ7KHODVW\HDUVDORWRI
VWXGLHVH[SHULPHQWDODQGQXPHULFDOKDYHEHHQSHUIRUPHGLQRUGHUWRIRFXVWKHHIIHFWRIYHJHWDWLRQLQRSHQFKDQQHOV
$VUHJDUGVWKHH[SHULPHQWDOSURFHGXUHWKHDXWKRUVRIWKLVVWXG\KDYHSHUIRUPHGDORWRIH[SHULPHQWV,QWKHVWXG\
RI>@UHVXOWVH[SHULPHQWDODQGFRPSXWDWLRQDOIRUWXUEXOHQWIORZRYHUDQGZLWKLQDSRURXVEHGKDYHEHHQSUHVHQWHG
7KHVLPXODWLRQKDVEHHQDFKLHYHGZLWKWKHXVHRIDURGVEXQGOH
,QWKHZRUNRI>@WKHWXUEXOHQWIORZLQRSHQFKDQQHOZLWKSHUPHDEOHEHGLVLQYHVWLJDWHGH[SHULPHQWDOO\ZLWKWKH
XVHRIKRWILOPDQHPRPHWU\76,FURVVKRWILOPFRQQHFWHGZLWK,)$0HDVXUHPHQWVRIGLVFKDUJHPHDQYHORFLW\
DQGWXUEXOHQWFKDUDFWHULVWLFV5H\QROGVVWUHVVHVUHYHDOWKHHIIHFWRIWKHPDWHULDOXVHGILOWHUVYHJHWDWLRQİSRURVLW\
DQGV¶KUHODWLYHSRURXVWKLFNQHVVRQWKHIORZFKDUDFWHULVWLFVDQGWKHGLVFKDUJHFDSDFLW\RIWKHFKDQQHO
,QWKHVWXG\RI>@WKHFKDUDFWHULVWLFVRIWXUEXOHQWIORZDERYHSRURXVEHGVSRURXVILOWHUDQGURGVEXQGOHDUHVWXGLHG
H[SHULPHQWDOO\ZLWKWKHXVHRIKRWILOPDQHPRPHWU\76,FURVVKRWILOPFRQQHFWHGZLWK,)$7KHH[SHULPHQWDO
UHVXOWVVKRZPDQ\GLIIHUHQFHVLQERWKPHDQDQGWXUEXOHQFHFKDUDFWHULVWLFVEHWZHHQWKHWZREHGPDWHULDOVXVHG
>@VWXGLHGH[SHULPHQWDOO\WKHFKDUDFWHULVWLFVRIWXUEXOHQWIORZLQDQRSHQFKDQQHODERYHWKHSHUPHDEOHEHGJUDVV
YHJHWDWLRQDQGJUDYHOEHGXVLQJDSDUWD3,9+\GUDXOLFFKDUDFWHULVWLFVVXFKDVGLVWULEXWLRQVRIYHORFLWLHVWXUEXOHQW
LQWHQVLWLHVDQG5H\QROGVVWUHVVDUHLQYHVWLJDWHGDQGWKHUHVXOWVVKRZWKDWWKHEHGW\SHFDQVLJQLILFDQWO\LQIOXHQFHWKH
WXUEXOHQWFKDUDFWHULVWLFVRIWKHIORZ
,Q WKH VWXG\ RI >@ WKH WXUEXOHQW FKDUDFWHULVWLFV RI WKH IORZ LQ DQ RSHQ FKDQQHO ZLWK KRUL]RQWDO DQG LQFOLQHG
LPSHUPHDEOHEHGZHUHVWXGLHGH[SHULPHQWDOO\XVLQJD3,97KHFKDQQHOVORSHLQIOXHQFHVVLJQLILFDQWO\WKHWXUEXOHQW
FKDUDFWHULVWLFVRIWKHIORZVXFKDVWKHYDULDWLRQRIORQJLWXGLQDOWXUEXOHQWLQWHQVLW\WKHYDULDWLRQRIYHUWLFDOWXUEXOHQW
LQWHQVLW\WKHWXUEXOHQWNLQHWLFHQHUJ\DQG5H\QROGVVWUHVVHV
7KH LQIOXHQFH RI WUDQVLWLRQ IURP YHJHWDWLRQ WR JUDYHO EHG DQG YLFH YHUVD >@ DQG WKH HIIHFWV RQ WKH YHORFLW\
GLVWULEXWLRQRIWXUEXOHQWIORZLQDKDOIVHSDUDWHGLPSHUPHDEOHDQGSHUPHDEOHEHG>@LQRSHQFKDQQHOLVLQYHVWLJDWHG
H[SHULPHQWDOO\ ,Q WKH ILUVW FDVH UHVXOWV VKRZ WKDW WKH LQIOXHQFHRQ WKH WXUEXOHQW FKDUDFWHULVWLFVRI WUDQVLWLRQ IURP
YHJHWDWLRQWRJUDYHOEHGLVGLIIHUHQWLQFRPSDULVRQZLWKWKRVHRIWUDQVLWLRQIURPJUDYHOWRYHJHWDWHGEHG7KLVLVGXH
WRWKHIDFWWKDWWKHSUHVHQFHRIJUDYHOEHGLQFUHDVHVWKHWXUEXOHQWFKDUDFWHULVWLFVRIWKHIORZLQUHJDUGWRWKHYHJHWDWHG
EHGGXHWRWKHJUHDWURXJKQHVVZKLFKLVREVHUYHGQHDUWKHLQWHUIDFHJUDYHOEHGZDWHUEHFDXVHRIWKHSUHVHQFHRIWKH
JUDYHO EHG DQG WKLV LQFUHDVH WKH WXUEXOHQFH ,Q WKH VHFRQG FDVH UHVXOWV VKRZ WKDW WKH SUHVHQFH RI KDOIVHSDUDWHG
LPSHUPHDEOHDQGSHUPHDEOHEHG LQIOXHQFHV WKHYDOXHVRIYHORFLW\GLVWULEXWLRQ LQFRPSDULVRQZLWK VLWXDWLRQVRYHU
SHUPHDEOHRULPSHUPHDEOHEHG7KHFRPSDULVRQZLWKWKHVDPHH[SHULPHQWVZKHQLWKDVWUDQVLWLRQIURPSHUPHDEOHWR
LPSHUPHDEOHEHGDQGYLFHYHUVDVKRZVWKDWWKHUHDUHDORWRIGLIIHUHQFHVRQYHORFLW\GLVWULEXWLRQ
$VUHJDUGV WKHQXPHULFDOVWXGLHV LQLWLDOO\>@DQG>@GHYHORSHGDPHWKRGIRU WKHGHWHUPLQDWLRQRI WKHYHORFLW\
SURILOHZKLFKVHSDUDWHVWKHIORZUHJLRQLQWZROD\HUVRQHLQVLGHWKHYHJHWDWLRQDQGWKHRWKHURYHUWKHYHJHWDWLRQ7KLV
WKHRU\ZDVEDVHGRQWKHWZROD\HUPHWKRG&RQWUDU\WRWKHWKHRU\RI>@>@GHYHORSHGDPRGHOIRUWKHFDOFXODWLRQ
RIPHDQYHORFLW\DQGWXUEXOHQWFKDUDFWHULVWLFVRIWKHIORZLQDQRSHQFKDQQHOZLWKYHJHWDWLRQ7KHLUWKHRU\ZDVEDVHG
RQ WKHIDFW WKDW WKHYHJHWDWLRQUHVLVWDQFHKDVDQ LPSDFWQRWRQO\ LQ WKHPRPHQWXPHTXDWLRQEXWDQG LQNİPRGHO
HTXDWLRQV
>@PRGLILHGWKHVHWZRPRGHOVLQRUGHUWRH[DPLQHWKHYHJHWDWLRQJHRPHWU\DQGWKHGUDJUHVLVWDQFHDVDIXQFWLRQ
RIWKHIORZGHSWK,QWKLVWKHRU\WKH\DGGHGWKHWXUEXOHQWNLQHWLFHQHUJ\HTXDWLRQIRUWZROD\HUVPRGHO>@XVHG'
ILQLWHHOHPHQWSURJUDP66,0IRUWKHVWXG\RIWKHYHJHWDWLRQLQIOXHQFHLQYHORFLW\GLVWULEXWLRQ7KLVPRGHOVROYHVWKH
PRPHQWXPDQGFRQWLQXLW\HTXDWLRQVIRUHDFKHOHPHQWDQGXVHVWKHNİPRGHOIRUWKHWXUEXOHQFHPRGHOLQJ
,QWKLVVWXG\LQRUGHUWRH[SHULPHQWDOO\DQGQXPHULFDOO\ LQYHVWLJDWHWKHWXUEXOHQWIORZLQDQRSHQFKDQQHOZLWK
SRURXVYHJHWDWLRQDQGLPSHUPHDEOHEHG'3,9DQGD&);PRGHOZHUHXVHG)RUWKHVLPXODWLRQRIWKHSRURXVEHG
D JUDVVOLNH YHJHWDWLRQ ZDV XVHG 9HUWLFDO GLVWULEXWLRQV RI YHORFLWLHV DERYH WKH LPSHUPHDEOH EHG DQG DERYH WKH
YHJHWDWLRQIRUWKHSRURXVEHGIRUWKHVDPHGLIIHUHQWWRWDOKHLJKWVZHUHHYDOXDWHG5HVXOWVVKRZWKDWWKHUHLVDJRRG
DJUHHPHQWEHWZHHQH[SHULPHQWDODQGQXPHULFDOVWXG\
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([SHULPHQWDO3URFHGXUH
,QWRWDOWZHQW\IRXUH[SHULPHQWVZHUHFDUULHGRXWLQWKHODERUDWRU\RI+\GUDXOLFVLQWKH'HSDUWPHQWRI&LYLO
,QIUDVWUXFWXUH(QJLQHHULQJRI$OH[DQGHU7HFKQRORJLFDO(GXFDWLRQDO,QVWLWXWHRI7KHVVDORQLNL*UHHFH7KHFKDQQHO
KDVDOHQJWKRIPZLGWKRIFPDQGKHLJKWRIFP7KHYHJHWDWLRQRIFPWKLFNQHVVZDVDWWDFKHGWRD
FPWKLFNZRRGVRWKDWLWUHPDLQVIL[HGWRWKHEHGGXULQJWKHH[SHULPHQWV+\GUDXOLFFKDUDFWHULVWLFVZHUHPHDVXUHGDW
IRXUGLIIHUHQWWRWDOIORZGHSWKVK DQGFPERWKIRULPSHUPHDEOHDQGSRURXVEHGDQGIRUWKUHHGLIIHUHQW
GLVFKDUJHVDQGOV7KHIORZGHSWKRYHU WKHSRURXVEHGKǯZDVKǯFP:LWKWKHVH
FRQGLWLRQVWKHWRWDOIORZGHSWKZDVNHSWFRQVWDQWHTXDOWRKDQGFPIRUERWKLPSHUPHDEOHDQGSRURXVEHGV
K KǯKYKYKHLJKWRIYHJHWDWLRQ7KHEODGHVZHUHPDGHIURPSODVWLF7KHJHRPHWULFDOFKDUDFWHULVWLFVRIWKHIORZ
DUHSUHVHQWHGLQ)LJXUHVDQG7KHPRUSKRORJ\RIWKHYHJHWDWLRQLVLOOXVWUDWHGLQ3KRWRJUDSK
0HDVXUHPHQWVRIYHORFLW\ZHUHWDNHQIRUKRUL]RQWDOFKDQQHOVORSH3,9LVDQRSWLFDOPHWKRGRIIOXLGYLVXDOL]DWLRQ
DQGLVXVHGWRREWDLQLQVWDQWDQHRXVYHORFLW\PHDVXUHPHQWVDQGUHODWHGSURSHUWLHVLQIOXLGV7KHIOXLGLVVHHGHGZLWK
WUDFHUSDUWLFOHVZKLFKIRUWKHSXUSRVHVRI3,9DUHJHQHUDOO\DVVXPHGWRIDLWKIXOO\IROORZWKHIORZG\QDPLFV7KH
PRWLRQRIWKHVHHGLQJSDUWLFOHVLVXVHGWRFDOFXODWHWKHYHORFLW\SURILOHRIWKHIORZ7KHH[SHULPHQWDOXQFHUWDLQW\RI
WKHPHDVXUHGYHORFLW\ZLWKWKLVWHFKQLTXHLVDSSUR[LPDWHO\
7KH PHDVXUHPHQWV ZHUH FRQGXFWHG DW D  P GLVWDQFH IURP WKH FKDQQHO¶V HQWUDQFH DQG DERYH WKH WRS RI WKH
YHJHWDWLRQZKHUHWKHIORZLVFRQVLGHUHGIXOO\GHYHORSHG7KHIXOOGHYHORSPHQWRIWKHIORZZDVFRQILUPHGFRPSDULQJ
WKH YHORFLW\ GLVWULEXWLRQV DERYH WKH YHJHWDWLRQ LQ WZR YHUWLFDO VHFWLRQV ZLWK D  FP VHSDUDWLRQ GLVWDQFH 7KH
XQLIRUPLW\RIWKHIORZZDVFKHFNHGPHDVXULQJWKHIORZGHSWKZLWKSRLQWJDXJHVDWWZRFURVVVHFWLRQVPEHWZHHQ
WKHWZRVHFWLRQV7KHGHVLUDEOHIORZGHSWKLQWKHGRZQVWUHDPVHFWLRQFRXOGEHFRQWUROOHGXVLQJDZHLUDWWKHFKDQQHO¶V
RXWOHW7KHHUURURIWKHPHDVXUHGIORZGHSWKZLWKWKHSRLQWJDXJHZDVPP7KHWRWDOGLVFKDUJHZDVPHDVXUHGDW
WKHFKDQQHO¶VRXWOHWXVLQJDWULDQJXODUWDQN
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3KRW9HJDWDWLRQRIFPWKLFNQHVV
0DWKHPDWLFDO0RGHODQG1XPHULFDO6ROXWLRQ
3.1 Mathematical Model 
,Q GHYHORSLQJ DPDWKHPDWLFDOPRGHO IRU WXUEXOHQW IORZ RQH VHHNV WRPRGLI\ WKH IXOO XQVWHDG\1DYLHU6WRNHV
HTXDWLRQV E\ LQWURGXFLQJ DYHUDJHG DQG IOXFWXDWLQJ TXDQWLWLHV WR SURGXFH WKH 5H\QROGV$YHUDJHG 1DYLHU6WRNHV
5$16 HTXDWLRQV 7KHVH HTXDWLRQV UHSUHVHQW WKH PHDQ IORZ TXDQWLWLHV RQO\ ZKLOH PRGHOLQJ WXUEXOHQFH HIIHFWV
ZLWKRXW WKHQHHGIRU UHVROXWLRQRI WKH WXUEXOHQWIOXFWXDWLRQV7XUEXOHQFHPRGHOVEDVHGRQ5H\QROGVDYHUDJLQJDUH
NQRZQDV6WDWLVWLFDO7XUEXOHQFH0RGHOVGXHWRWKHVWDWLVWLFDODYHUDJLQJSURFHGXUHHPSOR\HGWRREWDLQWKHHTXDWLRQV
,QWKLVIUDPHZRUNHDFKYDULDEOHFDOFXODWHGDWDSRLQWRIWKHIORZILHOGLVGHFRPSRVHGLQDQDYHUDJHFRPSRQHQWDQG
D WLPHYDU\LQJFRPSRQHQW)RUH[DPSOH WKHYHORFLW\ LQVWDQWDQHRXVYHORFLW\DWDSRLQW LV WKHVXPRIDQDYHUDJH
FRPSRQHQWU
&
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ZKHUH t' LVDWLPHVFDOHWKDWLVODUJHUHODWLYHWRWKHWXUEXOHQFHIOXFWXDWLRQVEXWVPDOOUHODWLYHWRWKHWLPHVFDOHWR
ZKLFKWKHHTXDWLRQVDUHVROYHG,QWKHPRVWJHQHUDOIRUPWKHFRQWLQXLW\HTXDWLRQLVZULWWHQDV
   
w
w
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UU    
7KHPRPHQWXPHTXDWLRQLVPRGLILHGUHODWLYHWRWKHIRUPIRUODPLQDUIORZDVLWFRPSULVHVPRUHWHUPVNQRZQDV
5H\QROGVVWUHVVHVRUWXUEXOHQWVWUHVVHV
    MSuuUUt
U &&&&&
&
 
w
w UWUU 
7KHVWUHVVHV LQ WKH WXUEXOHQWIORZDUHFRPSRVHGRI WZRSDUWVD6WUHVVHVGXH WRPROHFXODUYLVFRVLW\ZKLFKDUH
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3.2 Numerical solution 
,QWKHSUHVHQWZRUNWKHHIIHFWRIYHJHWDWLRQRIKHLJKWRIFPRQIORZVLQRSHQFKDQQHOVRIKHLJKWDQG
FPE\XVLQJWKH&);VROYHUZDVLQYHVWLJDWHG6LPXODWLRQVDUHSHUIRUPHGIRUWRWDOFRPSXWDWLRQDOGRPDLQOHQJWKHTXDO
WRPZKLOHWKHRWKHUSDUDPHWHUVXVHGDUHHTXDOWRWKRVHGHVFULEHGLQWKHH[SHULPHQWDOSURFHGXUH7KHHTXDWLRQV
DUHVROYHGLQHDFKWHWUHKHGURQRIWKHQXPHULFDOJULGSURGXFHGE\XVLQJPLQLPXPDQGPD[LPXPHGJHOHQJWKHTXDOWR
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